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Abstract
We present a statistical analysis of proton resonances in the compound nucleus 93Tc in terms of random matrix theory (RMT).
The fluctuation properties of energy levels and reduced widths from data measured by Bilpuch et al. [Phys. Rev. C 9 (1974)
1589] are studied. We conclude that one T> = 9/2 isobaric analog state does not affect the spectral correlations of a sequence
of 124 T< = 7/2 states, and that the observed deviations from RMT are due to unobserved levels. For the reduced widths,
however, certain deviations from Porter–Thomas statistics are attributed to the effect of isospin mixing.
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Spectra of high-lying nuclear excitations [1,2] typ-
ically show spectral correlations that can be described
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Open access under CC BY license.by random matrix theory (RMT). The spectral fluctu-
ation properties of sequences composed of levels with
the same quantum numbers, e.g., spin, isospin, or par-
ity, are typically those of the random matrices [3–5]
of the Gaussian orthogonal ensemble (GOE). How-
ever, superpositions of independent spectra or a partial
mixing of different symmetry classes require modified
descriptions [6–9]. The aim of the present Letter is to
examine the effect of isospin symmetry breaking on
the spectral statistics and on the width distribution. It
will be shown that symmetry breaking can affect lev-
S. Åberg et al. / Physics Letters B 598 (2004) 42–46 43els and widths differently. This, however, is masked to
some extent in experimental nuclear data by the effect
of missing levels, which will also be discussed.
In the simple case of two GOE spectra mixing into
each other a Hamiltonian of the form
(1)
Hˆ =


GOE 0
0 GOE

+ α


0 Vˆ
Vˆ + 0


has provided a suitable description of the statistical
properties [10]. This operator has two GOE matrices
on the diagonal. These correspond to two GOE spec-
tra that are coupled by some interaction αV . For α = 0
the spectra are independent, while for α = 1 the whole
Hamiltonian is just one GOE matrix. For 0 < α < 1,
however, the situation is intermediate and the symme-
try classes partially mix. The mixing usually is mea-
sured in terms of the spreading width
(2)Γ ↓ = 2π α
2〈V 2〉
D
,
where D is the mean level spacing. According to
Eq. (1), α
√〈V 2〉 is the root-mean-square matrix ele-
ment of the symmetry breaking.
In the following we consider an extreme situation,
where one of the two matrices in Eq. (1) is of dimen-
sion 1×1, corresponding to a single isobaric analogue
state with isospin T> coupled to an entire spectrum
of states with isospin T< (= T>). The interaction αV
then causes an isospin mixing. A similar situation with
one single state coupled to a background of GOE states
is the description of the decay-out of superdeformed
states [11]. In this case the single state corresponds
to a pure superdeformed state, the background states
to normal deformed states, and the interaction to the
coupling via tunnelling.
2. Data set
We analyze results of a high-resolution experiment
performed three decades ago [12] in terms of RMT.
By elastically scattering protons off 9242Mo states of
spin and parity Jπ = 1/2+ were measured in the com-
pound nucleus 9343Tc. These states were observed for
proton energies Ep between 5.13 and 5.43 MeV andFig. 1. Reduced widths γ 2p versus proton energy Ep measured in the
92Mo(p,p) reaction. The observed compound nucleus resonances in
93Tc constitute the fine structure of the analog of the first excited
state of 93Mo. The data are from [12].
form a fragmented resonance around the isobaric ana-
log of the first excited state of 9342Mo (Fig. 1). This can
be interpreted as the mixing of one isospin T> = 9/2
state, the analog state, into a sequence of 124 isospin
T< = 7/2 states. Their excitation energies lie between
9.16 and 9.46 MeV, and the observed mean level spac-
ing of 1/2+ states is D ≈ 2.4 keV.
The gross structure of the resonance, i.e., the energy
dependence of the mean partial width is given by
(3)〈γ 2p 〉= s0ρ ·
(Ep − Ea + ∆)2 + (ω/2)2
(Ep − Ea)2 + (Γ ↓/2)2 ,
where ρ is the local level density [12–14]. The en-
ergy of the analog state Ea , the strength function of
the background states s0, the spreading width Γ ↓ as
well as the parameters ∆ and ω that describe the
asymmetry of the resonance shape, have been deter-
mined in [12] by fitting the data: Ea = 5.2954 MeV,
s0 = 0.04, Γ ↓ = 16.5 keV, ∆ = −30 keV, and ω =
48 keV.
3. Unfolding
In order to compare with RMT predictions, the
level spacings and reduced widths must be “unfolded”,
i.e., normalized, in an appropriate manner. The unfold-
ing of the levels {Ei, i = 1, . . . ,125} is achieved by the
transformation
(4)i = Nav(Ei),
44 S. Åberg et al. / Physics Letters B 598 (2004) 42–46where the quantity Nav(E) is obtained by fitting a
polynomial to the experimental “staircase” function
(5)N(E) =
∑
EiE
Θ(E − Ei),
i.e., to the integrated level density. As the level den-
sity is almost constant this ansatz is not critical and
the results discussed below are stable with respect to
different methods of performing the unfolding. Nor-
malizing the partial widths to their mean, i.e.
(6)zi = log10
γ 2p(i)
〈γ 2p(i)〉
,
is not trivial, because the gross structure of the ana-
log state must be removed. We therefore consider two
methods of unfolding the widths. First the local aver-
ages are calculated according to
(7)〈γ 2p(i)〉=
∑
j γ
2
p(j ) exp(−(i − j )2/8)∑
j exp(−(i − j )2/8)
,
as in [15]. In the other method we utilize the analytic
result of Eq. (3) together with the parameters listed
in [12] to determine 〈γ 2p 〉.
4. Spectral correlations and width distribution
First we discuss the level statistics in terms of the
long-range spectral correlations. These can be mea-
sured with the number variance
(8)Σ2(L) = 〈(n(L) − 〈n(L)〉)2〉,
the variance of the numbers of levels n(L) in in-
tervals of length L. The number variance is shown
in Fig. 2 for the experimental data as well as for
a numerical result obtained with the random matrix
model of Eq. (1). In the numerical calculation we cou-
pled a (1 × 1)-matrix to a (146 × 146)-matrix with
α
√〈V 2〉/D = 1.1, which approximately matches the
experimental situation. The result is the following:
while the numerical sequence is in good agreement
with GOE-statistics, the experimental data set deviates
from GOE. We therefore conclude that there are levels
missing in the experimental data set which partly de-
stroy the spectral correlations. This can be quantified
with the aid of an expression derived in [16],
(9)Σ2(L) = (1 − f )L + f 2Σ2GOE(L/f ),Fig. 2. Number variances for the experimental data (upper part) and
for an ensemble of random matrices (Eq. (1)), where a single state
was mixed into a GOE spectrum of 146 levels with a spreading
width comparable in size to the experimental value (lower part).
While the experimental data are between GOE and uncorrelated
Poissonian behavior, the numerical simulation is in almost perfect
agreement with GOE statistics. Therefore the experimentally ob-
served deviations from GOE are attributed to the missing levels. The
fraction of observed levels, f ≈ 0.35 ± 0.15, was estimated with a
fit of Eq. (9) to the data (dashed line).
which connects the Σ2 of the incomplete level se-
quence with the observed fraction f and the number
variance Σ2GOE of the hypothetical complete (GOE)
sequence. Fitting Eq. (9) to the experimental number
variance, we obtain f ≈ 0.35 ± 0.15. We conclude
that the mixing of the T> = 9/2 analog state into
the T< = 7/2 spectrum does not influence the GOE
spectral properties, but instead that the deviation from
GOE is due to the incompleteness of the data. The mi-
croscopic nuclear model calculations of [17] predict a
level density of 1580 MeV−1 for the J = 1/2 states
(both parities) at an excitation energy of 9.5 MeV
and thus 237 Jπ = 1/2+ states in the relevant en-
ergy range. This is qualitatively compatible with the
estimate of the observed fraction deduced from the
spectral correlations.
Next we consider the partial widths. Fig. 3 shows
the width distributions obtained for the two different
methods of normalizing the widths, given by Eq. (7)
and Eq. (3), respectively. For a normalization with
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z is sensitive to the method of determining the average value in
Eq. (6): (a) with Eq. (7) the distribution strongly deviates from
Porter–Thomas statistics (full line); (b) with Eq. (3) the distri-
bution is closer to Porter–Thomas statistics. In both cases the
smallest observed width corresponds to an observed fraction of
f ≈ 0.77 ± 0.10, if one assumes Porter–Thomas statistics. A modi-
fication of the Porter–Thomas curve according to this truncation (as
given in [18]) is also shown (dashed line).
local mean values determined with Eq. (7) we ob-
tain a distribution that deviates strongly from Porter–
Thomas (PT) and that is peaked in the vicinity of
the mean strength at z = 0. In the second method
the “Robson asymmetry” (Eq. (3)) is explicitly un-
folded from the data and the agreement with PT sta-
tistics is much better. If one determines the smallest
width in units of the mean experimental width one
can estimate the observed fraction of levels f assum-
ing that the complete data set obeys Porter–Thomas,
i.e., GOE, statistics. For the present data we obtain
f = 0.77. Performing a maximum likelihood analy-
sis as described in [19] results in f = 0.77 ± 0.10,
i.e., the same value. Although the f -values obtained
from the long-range spectral correlations of the lev-
els (f ≈ 0.4), from the partial widths (f ≈ 0.8) and
from the level density estimates (f ≈ 0.5) are dif-
ferent, these values almost agree within the statistical
uncertainty, that stems from the limited size of the data
set. Thus about one half of the levels have been ob-
served.Fig. 4. Distribution of the level spacings (histograms) compared to
GOE and Poisson statistics (full lines) and with a fit of Eq. (10) to
the data (dashed line). From the fit an observed fraction f ≈ 0.48 of
levels can be deduced.
This result is further supported by the findings for
the spacings si = i+1 − i , i.e., for the short-range
spectral correlations. The quantity i is defined in
Eq. (4). According to [16] the tail of the spacings dis-
tribution (s  f ) is described by
(10)P(s) ≈ 1
1 − f exp
[
s
f
ln(1 − f )
]
.
Fitting this to the experimental distribution (Fig. 4) in
the range s > 1 gives an observed fraction of f ≈
0.48. This value is in between the numbers obtained
for the long-range correlations and the widths. It also
agrees with the observed fraction estimated from the
level density.
5. Conclusion
From numerical considerations we learn that a
strong isospin mixing of one state—the value of Γ ↓
is well within the systematics of spreading widths of
isobaric analog resonances [20]—into a GOE spec-
trum of about 100 levels does not change the statistical
spectral properties significantly. Thus, the experimen-
tally observed deviations from GOE statistics in the
compound nucleus 93Tc must be due to missing levels;
the weakly excited states are not observed experi-
mentally in spite of the very high energy resolution
in the proton scattering experiment. In this case, the
distribution of the partial widths should be a trun-
cated Porter–Thomas distribution. However, as shown
in Fig. 3, the experimental distribution does not agree
with a truncated PT distribution when normalizing
46 S. Åberg et al. / Physics Letters B 598 (2004) 42–46the widths with Eq. (7). The data agree much bet-
ter with Porter–Thomas statistics when the analytic
expression of Eq. (3) is used. This is consistent with
the standard picture of a fragmented analog state. The
strength distribution of the T< states is Porter–Thomas
and the addition of the T> state leads to an observed
strength distribution that is quite different from Porter–
Thomas. To summarize, the effect of isospin mixing is
to strongly distort the strength distribution and to leave
the spectral correlations unchanged.
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